Abstract: Optical properties of a series of finite sized hydrogenated carbon nanotubes with the smallest diameter of 4 Å are studied systematically. Their absorption spectra are calculated with the localized-density-matrix method. The semiempirical MNDO parametric method 3 (PM3) Hamiltonian is employed. The finite optical gaps are predicted for the infinite long single-walled carbon nanotubes. Strong anisotropy characteristics of the dynamic polarizabilities are found for these tubes. The calculated results are in good agreement with the recent experimental findings. Further the compositions of the dipole-induced excitations are examined by projecting the corresponding density matrices onto the Hartree-Fock molecular orbital representation. Unlike the larger diameter carbon nanotubes whose absorption spectra are insensitive to the tube chiralities, the absorption spectra of 4 Å single-walled carbon nanotubes depend very much on their chiralities. The chirality of the single-walled 4 Å carbon nanotubes synthesized in the channels of the porous zeolites is thus determined to be (5,0) by comparing the calculated and measured absorption spectra.
Introduction
Because of their exciting physical properties and potential applications, carbon nanotubes (CNTs) have become the major subject of numerous experimental and theoretical investigation since the initial finding by Iijima in 1991 1 and the subsequent report of the synthesis of large quantities of CNTs by Ebbesen et al. in 1992 . 2 Both open-ended and capped CNTs have been observed by high-resolution transmission electron microscope (TEM) 1, 3 and STM 4 techniques. The excitement of this discovery was amplified when several theoretical studies revealed that CNTs would be either metallic or semiconducting, depending on their chiralities. [5] [6] [7] [8] These theoretical predictions have been confirmed in STM 9-12 and EELS [13] [14] [15] experiments. The optical properties of CNTs have been measured. [15] [16] [17] [18] [19] The CNTs in these experiments are either multiwalled CNTs or an ensemble of single-walled CNTs (SWNTs). The anisotropic properties of carbon nanotubes have been investigated experimentally by de Heer and his colleagues. 19 The dielectric function was found highly anisotropic being much larger when the electric field is aligned along the tube axis than when it is aligned perpendicular to the tube axis. Theoretical calculations have been carried out to examine the electronic structures and optical properties of SWNTs. [5] [6] [7] [8] [20] [21] [22] [23] [24] [25] Tight-binding [5] [6] [7] [8] and density functional theory (DFT) calculations 20, 21 conclude that an (m,n) SWNT is a conductor if m -n ) 3I (I is an integer) and a semiconductor if m -n * 3I . [5] [6] [7] [8] Moreover, the detailed plane-wave ab initio pseudopotential local density approximation (LDA) calculations 26 predicted that all small diameter tubes are conductors regardless of their chiralities. A series of SWNTs have been investigated systematically by the localized-density-matrix (LDM) method. [27] [28] [29] [30] Two types of dipole-induced excitations have been identified, the low-energy (ω < 1.0 eV) excitations * Author to whom correspondence should be addressed. † and high-energy (ω > 1.0 eV) excitations. The low-energy excitations are the electron-hole pairs confined to the two ends of open-ended CNTs, and the higher energy excitations locate mainly along the tube. 30 These SWNTs whose optical properties have been calculated are mainly armchair and zigzag tubes, and their diameters are much larger than 4 Å. It was found that the absorption spectra of large diameter carbon nanotubes are determined mainly by their diameters and that the chiralities have little effect. 30 As early as 1992, Sawada and Hamada 31 predicted the existence of extremely thin tubules, for instance, 4 Å CNTs. They calculated the cohesive energies of the CNTs using the Tersoff's empirical potential for carbon 32 and showed that not only large diameter tubules but also small diameter tubules are energetically more favorable than the graphite sheets of the same width. They thus suggested that the 4 Å CNTs may exist. Recently both multiwalled and single-walled 4 Å CNTs have been synthesized respectively by the mass-selected carbon ion beam deposition (MSIBD) method 33, 34 and by the pyrolysis of tripropylamine molecules in the channels of porous zeolite AlPO 4 -5 (AFI) single crystals. 35 The single-walled 4 Å CNTs are the best examples of one-dimensional quantum wires. The 4 Å CNTs have three possible structures: the chiral (4,2) CNT, the zigzag (5,0) CNT, or the armchair (3,3) CNT. Their diameters are 4.2, 3.9, and 4.1 Å, respectively. It has been argued that the 4 Å CNTs may be either (3,3) or (5,0) because they fit well with the half fullerene C 20 cap. 33 The corresponding electronic structures and optical properties have been measured experimentally. 36 Three major absorption peaks at 1.35, 2.15, and 3.10 eV are identified in the absorption spectra when the electric field is parallel to the tubes. When the external field is perpendicular to the tube axis, the CNTs are almost transparent. A very weak absorption peak is observed with its energy slightly lower than 1.35 eV. 36 In this paper we report the calculations of the optical properties of the SWNTs (4,2), (3,3), and (5,0) using the LDM-PM3 method. 30 By comparing the calculated and measured absorption spectra, we determine the chirality of the 4 Å SWNT synthesized in the channels of the porous zeolite. 36 The anisotropy of the absorption spectra is investigated by calculating the dynamic polarizabilities for different light polarizations. The nature of the dipole-induced excitations is examined by projecting the corresponding reduced single-electron density matrices onto the Hartree-Fock molecular orbital (HFMO) representation. Possible dipole-induced transitions among the molecular orbitals are determined for (3,3) and (5,0) SWNTs. The paper is organized as follows: Section 2 contains a brief description of the LDM-PM3 methods. The calculated optical absorption spectra of (4,2), (3,3) and (5,0) are presented in Section 3. Detailed analysis of the dipole-induced excitations in the HFMO representation is reported. The symmetry of each molecular orbital (MO) is given, and possible dipole-induced optical transitions are identified among them. Finally the conclusion is given in Section 4.
The LDM-PM3 Method
The linear polarization tensor R is defined as 37, 38 Here P(ω) is the electric polarization vector, E(ω) is the external electric field, and i or j is the index representing x, y, or z components of a vector. The electric polarization is a physical observable and is defined by the expectation values of microscopic polarization operator P where F(t) is the reduced single-electron density matrix that can be obtained by solving the time-dependent Hartree-Fock (TDHF) equation of motion 39
Here h is the Fock operator of the system and γ is the phenomenological dephasing constant. The PM3 Hamiltonian 40 in the presence of an external field E is described as follows, where c am † (c bn ) is the creation (annihilation) operator for an electron at a localized atomic spin spatial orbital m (n) on atom a (b). One-electron integral H ab mn may be expressed as where a m ( b n ) is the m (n)-th atomic orbital on atom a (b) and U(r) is the one-electron potential. H ee is the two-electron part of the Hamiltonian that represents the effective electronelectron Coulomb interaction. The PM3 model utilizes the neglect of differential overlap for atomic orbitals on different atoms, i.e., all the two-electron integrals are set to zero except that when the orbitals m and n belong to the same atom a and i and j belong to atom b. V ab mn,ij is expressed as H ext is the interaction between the valence electrons and an external electric field E(t), and P is the molecular dipole moment operator. P ab mn is calculated by 〈 a m |P | b n 〉, neglecting the diatomic overlap. Considering the linear response only, F may be expressed as F ) F (0) + δF, where F (0) is the Hartree-Fock ground-state reduced density matrix when E(t) ) 0 and δF is the induced density matrix in E(t). Similarly, Fock matrix h may be decomposed as h ) h (0) + δh where h (0) is the Fock matrix when E(t) ) 0 with (29) 
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And similarly, the induced Fock matrix may be expressed as follows,
Thus we have the following equation for the linear response.
The following approximations are employed to achieve the linear-scaling calculation for the excited-state properties: [27] [28] [29] where r ab are the distances between two atoms a and b. The details of the LDM-PM3 method can be found in ref 30.
Results
Before presenting our results on 4 Å SWNTs, we discuss the absorption spectra of two larger diameter SWNTs for reference. The computed optical absorption spectra of two SWNTs, (9,0) (C 294 ) and (5,5) (C 290 ), are shown in Figure 1 . Both SWNTs are capped by a bisected C 60 molecule at their equators. Geometries are optimized by PM3, 40 and the LDM-PM3 method is employed for the absorption spectra. Solid lines are for (9,0) and dashed lines are for (5,5). In Figure 1a the external field E is along tube axis while it is the E ⊥ tube in Figure 1b . The diameters of (9,0) and (5,5) are 6.9 and 7.1 Å, respectively. In other words, (9,0) and (5,5) are of the similar diameters. Clearly their absorption spectra are quite similar as well. This supports our earlier conclusion that the chirality of a larger diameter SWNT has little effect on its optical absorption spectrum. 30 Now we examine the optical properties of 4 Å SWNTs.
3.1 Polarization-Dependent Optical Absorption Spectra of 4 Å SWNTs. In our calculations the two ends of SWNTs are terminated with hydrogen atoms. The ideal structures are employed, i.e., the SWNTs are constructed by rolling graphite segments along the tube axis with the C-C bond length set to 1.42 Å except that the structures of (4,2) SWNTs are optimized by the PM3 calculations. For a neutral (5,0) CNT, its electrons cannot fill the closed-shell structure. The unpaired electrons result in a net dipole moment that prevents the converge of the self-consistent field (SCF) calculation. 41 Four extra electrons are added to the (5,0) CNT, upon which the self-consistent computation converges and a set of MOs are obtained. It is expected that the extra four electrons have little effect on the optical response when the number of carbon atom reaches 200 or more. Figures 2-4 show the calculated absorption spectra of different (4,2), (3,3), and (5,0) SWNTs. Each unit cell of (4,2), (3,3), and (5,0) CNTs has 56, 12, and 20 carbon atoms, respectively. All solid lines are the absorption spectra corresponding to the electric field E aligned along the tube axis (i.e. E | tube) while the dashed lines correspond to E perpendicular to the tube (i.e. E ⊥ tube). The calculated absorption spectra of (4,2), (5,0), and (3,3) CNTs are quite different despite the fact that their diameters are almost the same. This differs from our previous calculated results on larger diameter CNTs which showed the absorption spectra are insensitive to the chiralities of CNTs when the tube lengths are long enough. In the case of the E | tube, the optical spectra of the three SWNTs depend very much on the tube lengths. As the number of carbon atoms increases, the absorption spectra of the open-ended chiral (4,2) tubes change drastically, especially when the tube lengths are relatively short. The overall spectra red shift and the relative amplitude in the low-energy range (ω < 1.0 eV) reduces as the number of carbon atoms N increases. When the (4,2) SWNTs have 200 or more carbon atoms these peaks disappear as compared to the others (see Figure 2 ). The open-ended (3,3) and (5,0) SWNTs have a different response to the external field as compared to the (4,2) SWNTs. In the low-energy range (ω < 1 eV), no peaks are observed even for very short tubes (see Figures 3 and 4) . The two ends play an important role in the optical response for some short tubes, for instance, the (4,2) CNTs. Their influence recedes as the length increases. The optical behavior of the long tubes is affected little by two ends, which is consistent with the experimental observation. 17, 18 Two absorption peaks are found at 1.60 and 2.9 eV for (4,2) C 332 H 12 and three peaks at 1.16, 1.66, and 2.60 eV for (5,0) C 300 H 10 . The (3,3) SWNT has one distinctive strong absorption peak in the low-energy range for N > 200. It red shifts when the tube length increases and saturates at 0.61 eV as N f ∞ (see Figure 5b) . Similar red shifts of absorption spectra are observed for (4,2) and (5,0) SWNTs. These red shifts are due to the collective character of the excitation in terms of the single electron-hole excitation picture. 39 Since π electrons delocalize more than σ electrons, the red shifts are prominent for ω < 4 eV because the corresponding excitations are mainly π-π* transition. Note that the spectral profiles do not vary much after N reaches 200 or more. Therefore, C 332 H 12 , C 420 H 12 , and C 300 H 10 are used to simulate respectively the infinite long (4,2), (3,3), and (5,0) SWNTs. Given the fact that the absorption spectra are very different for (4,2), (3,3), and (5,0), we conclude that for small-diameter SWNTs the optical response depends on the (41) 
] -E(t)‚[P, chirality of the tube, besides the diameter and the tube length. Therefore, the observed absorption spectra may be used to determine the structures of 4 Å SWNTs.
To investigate the anisotropy characters of (3,3), (5,0), and (4,2) SWNTs, we calculate their absorption spectra by aligning the external field E perpendicular to the tube axis (E ⊥ tube). The resulting absorption spectra are shown in dashed lines in Figures 2c, 3a ,b, and 4a,c. The strong anisotropy is observed for all three SWNTs. The absorption intensities are much less for the E ⊥ tube as compared to the E | tube. The anisotropy increases as the tube length increases. This is consistent with the experimental observation 36 that the 4 Å SWNTs are opaque for the E | tube but almost transparent for the E ⊥ tube. The lowest absorption peak red shifts when the light polarization varies from the parallel direction of the tube to the perpendicular direction. 36 Our calculations show the same phenomenon for (4,2) and (5,0) but not for (3,3). For (4,2) C 220 H 12 and (5,0) C 300 H 10 , their respective optical gaps are 1.33 and 0.70 eV for the E ⊥ tube while they are 1.64 and 1.16 eV for the E | tube. For (3,3) CNTs, the optical gap is larger for the E ⊥ tube than for the E | tube.
We plot the optical gaps of the open-ended tubes (4,2), (3,3), and (5,0) versus 1/N for the E | tube in Figure 5 , parts a, b, and c, respectively. The dashed lines are the linear fits. Clearly the gaps depend linearly on 1/N. The optical gaps of (4,2), (3,3), and (5,0) are respectively 1.5, 0.61, and 0.90 eV as the tubes become infinitely long. In ref 30 we reported the similar findings that the long (6,0), (9,0), (5,5), (8, 8) , and (10,10) SWNTs have finite optical gaps.
The concept of pyramidalization angle is developed to extend the definition of the π orbital to a nonplanar molecule. 42 To examine the effect of rehybridization of the σ and π electrons on to the optical gap, we calculate the pyramidalization angle 42 of those carbon nanotubes using the π orbital axis vector 1 (POAV1) analysis. 42, 43 The π orbital axis makes equal angles with all three σ bonds at the conjugated carbon atom in question. The angle between the π orbital axis vector and the σ bond is 90°for a planar molecule. The pyramidalization angle θ P is then defined as the deviation of this angle from 90°. The larger θ P is the larger the rehybridization of the σ and π electrons. 42 For (3,3) and (5,0), we obtain θ P ) 9.9°and 10.0°, respectively. For (4,2) C 220 H 12 , θ P values are 9.6-9.7°depending on the atoms. Since the θ P values have no clear correlation with the optical gaps, we conjecture that the differences in the optical spectra of (4,2), (3,3), and (5,0) are caused mainly by the relative positions of the carbon atoms. we terminate the open CNTs, (3,3) and (5,0) CNTs may have D 3h or D 3d and D 5h or D 5d symmetry, respectively. 41 When the lengths of the (3,3) and (5,0) SWNTs are large enough (>25 Å), the difference in optical response caused by different symmetries can be neglected. 41, 44 We examine (3,3) SWNTs with D 3d symmetry and (5,0) with D 5h here. For the dipoleallowed optical transition, the matrix element 〈Φ i |r|Φ f 〉 is nonzero, where r is parallel to the electric field E and |Φ i 〉 (|Φ f 〉) is the initial (final) electronic state. D 3d has six irreducible representations, A 1g , A 2g , E g , A 1u , A 2u , and E u . D 5h has eight irreducible representations A′ 1 , A′ 2 , E′ 1 , E′ 2 , A′′ 1 , A′′ 2 , E′′ 1 , and E′′ 2 . 45 For the electric field E | tube, the following transitions are allowed between the pairs of the molecular orbitals: for (3,3) SWNTs, A 1g T A 2u , A 2g T A 1u , and E u T E g ; for (5,0) SWNTs, E′ 1 T E′′ 1 , E′ 2 T E′′ 2 , and A′ 1 T A′′ 2 . For the electric field E ⊥ tube, the allowed transitions are the following: for (3,3), A 1g T E u , A 2g T E u , A 1u T E g , A 2u T E g , and E u T E g ; for (5,0),
For the open-ended (3,3) SWNTs, the molecular orbitals with A 1g , A 2g , A 1u , and A 2u symmetry are found energetically close to the HOMO and LUMO. The molecular orbitals with E u and E g symmetry are quite different in energy from HOMO and LUMO. The excitation at 1.57 eV of (3,3) C 120 H 12 for the E | tube consists mainly of the transition A 1g T A 2u and A 2a T A 1u while the first excitation for the E ⊥ tube consists mainly of A 1g T E u , A 1u T E g , A 2g T E u , and A 2u T E g transitions. This explains the fact that the optical gap for the E ⊥ tube is larger than that for the E | tube for (3,3) SWNTs.
The induced density matrices δF of the transitions corresponding to the absorption peaks at 1.57 and 4.58 eV of (3,3) C 120 H 12 , 1.53 and 3.14 eV of (5,0) C 120 H 10 , and 0.61 and 2.49 eV of (4,2) C 52 H 12 are obtained. To examine them, we project the induced density matrices onto the HFMO representation. 46 In other words, the dipole-induced excitations are decomposed into the transitions between the pairs of molecular orbitals. The results are shown in Tables 1-3. The molecular orbital transitions whose absolute amplitudes are larger than 0.1 are listed. Since |δF ij | ) |δF ji |, only δF ij (i < j) are shown, where i and j stand for a pair of the molecular orbitals. For (3,3) C 120 H 12 , the excitation at 1.57 eV is a π*-π transition and consists mainly of the HOMO to LUMO+1 and HOMO-1 to LUMO transitions with their respective amplitudes 0.44 and 0.36 (see Table 1 ). Other contributions, such as the HOMO-2 to LUMO+3 and HOMO-3 to LUMO+2, are much smaller. The excitation at 4.58 eV is also a π-π* transition. Its main contributions are from the pairs of molecular orbitals with E u and E g symmetry (see Table 1 ). The transition from HOMO to LUMO is forbidden for (3,3) CNTs, since they have A 1g and (44) has much less effect on the absorption spectra. This is reaffirmed by our calculations on the two larger SWNTs, the (9,0) C 294 and the (5,5) C 290 .
(2) Because of the sensitive effects of the chirality, the absorption spectra are used to determine the structure of 4 Å SWNT. By comparing the measured and calculated absorption spectra, we conclude that the 4 Å SWNTs reported in ref 35 are the (5,0) SWNTs.
(3) The optical responses of the 4 Å SWNTs are highly anisotropic. This is because that the transition dipole moments parallel to the tube are much larger than the moments perpendicular to the tube. The anisotropy is clearly demonstrated in Figures 2-4. (4) Similar to the findings of the larger diameter SWNTs, the optical gaps of the infinite (3,3), (4,2), and (5,0) SWNTs are all finite, being 0.6, 1.5, and 0.9 eV, respectively. This is despite the fact that the LDA calculation predicts that all three 4 Å SWNTs are metallic. 26 The existence of the finite optical gap is consistent with the measured absorption spectra. 36
